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Abstract 

This paper is devoted to the study of a coupled system consisting in a wave 
and heat equations coupled through transmission condition along a steady 
interface. This system is a linearized model for fluid-structure interaction 
introduced by Ranch, Zhang and Zuazua for a simple transmission condition 
and by Zhang and Zuazua for a natural transmission condition. 

Using an abstract Theorem of Burq and a new Carleman estimate shown 
near the interface, we complete the results obtained by Zhang and Zuazua 
and by Duyckaerts. We show, without any geometric restriction, a logarith- 
mic decay result. 
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arithmic decay. 
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1 Introduction and results 

In this work, we are interested with a linearized model for fluid-structure inter- 
action introduced by Zhang and Zuazua in and Duyckaerts in [6]. This model 
consists of a wave and heat equations coupled through an interface with suitable 
transmission conditions. Our purpose is to analyze the stability of this system and 
so to determine the decay rate of energy of solution as t — > cxd. 

Let C M" be a bounded domain with a smooth boundary F = dQ. Let Qi 
and ^2 be two bounded open sets with smooth boundary such that fii C ^2 and 
Q2 = We denote by 7 = dQi fl 8^2 the interface, 7 CC fi, F^ = dQj\'-f, 

j = 1,2, dn and (9„/ the unit outward normal vectors of Qi and Q2 respectively 
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{dn' = -On on 7). 



< 



dtu — Au = 
d^v -Av = 
u = 
v = 

U = dtV, dnU = —dn'V 

u\t=o = Uoe L'^i^li) 



in (0, 00) X Qi, 
in (0, 00) X ^2, 
on (0, 00) X Fi, 
on (0, 00) X 
on (0, 00) X 7, 
inf2i, 



(1) 



^ v\t=o = vo e H^{^2), dtv\t=o = vi e L^{^2) infi2- 

In this system, u may be viewed as the velocity of fluid; while v and dtV repre- 
sent respectively the displacement and velocity of the structure. That's why the 
transmission condition u = dtV is considered as the natural condition. For the 
modelisation subject, we refer to [H] and [Hj. 

System ([1]) is introduced by Zhang and Zuazua [H]. The same system was 
considered by Ranch, Zhang and Zuazua in [11] but for simplified transmission 
condition u = v on the interface instead of m = dtV. They prove, under a suitable 
Geometric Control Condition (GCC) (see [Tj), a polynomial decay result. Zhang 
and Zuazua in [Tl] prove, without GCC, a logarithmic decay result. Duyckaerts in 
[6] improves these results. 

For system ([T]), Zhang and Zuazua in [Hj, show the lack of uniform decay and 
they prove, under GCC, a polynomial decay result. Without geometric conditions, 
they analyze the difficulty to prove the logarithmic decay result. This difficulty is 
mainly due to the lack of gain regularity of wave component v near the interface 
7 (see [Hj, Remark 19) which means that the embedding of the domain D{A) of 
dissipative operator in the energy space is not compact (see [Hj, Theorem 1). In 
[B], Duyckaerts improves the polynomial decay result under GCC and confirms the 
same obstacle to show the logarithmic decay for solution of ([T]) without GCC. In 
this paper we are interested with this problem. 

There is an extensive literature on the stabilization of PDEs and on the Loga- 
rithmic decay of the energy ([2j, [3j [Ij, [H], [10], [12] and the references cited therein) 
and this paper use a part of the idea developed in [3]. 

Here we recall the mathematical frame work for this problem (see [14j). 

Define the energy space H and the operator A on if, of domain D{A) by 



when ifp, 



(^2) is defined as the space 



Hl^{n2) = {v^eH\n2),v^\r,=^]. 



(Amo,wi, Awo) 



D{A) = {Uo e H, uo e H\ni), Auo e L^ni), 



vi e H^.^{n2), Avo E L\n2), Uo 
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System ([T]) may thus be rewritten in the abstract form 



dtU = AU, U{t) = {u{t), v{t), dtv{t)). 
For any solution {u,v,dtv) of system ([1]), we have a natural energy 

E{t) = E(u,v,dtv){t) = ]- ( [ \u{t)fdx+[ \dtv{t)f dx + [ \Vv{t)f dx] 

2 \Jni Jq.2 J^2 J 



By means of the classical energy method, we have 

d 



dt 



E{t) = - I \Vu\'^dx. 



Therefore the energy of ([T]) is decreasing with respect to t, the dissipation coming 
from the heat component u. Our main goal is to prove a logarithmic decay without 
any geometric restrictions. 

As Duyckaerts [B] did for the simplified model, the idea is, first, to use a known 
result of Burq (see [3]) which links, for dissipative operators, logarithmic decay to 
resolvent estimates with exponential loss; secondly to prove, following the work of 
Bellassoued in [3], a new Carleman inequality near the interface 7. 

The main results are given by Theorem 11.11 for resolvent and Theorem 11.21 for 
decay. 

Theorem 1.1 There exists C > 0, such that for every yU G M with large, 
we have 

l|(^-^/^)"'L(/.)<Ce^'"'- (2) 

Theorem 1.2 There exists C > 0, such that the energy of a smooth solution of ([IP 
decays at logarithmic speed 

Burq in ([5j, Theorem 3) and Duyckaerts in ([6J, Section 7) show that to prove 
Theorem 11.21 it suffices to show Theorem 11.11 

The strategy of the proof of Theorem 11.11 is the following. A new Carleman 
estimate shown near the interface 7 implies an interpolation inequality given by 
Theorem 12.21 Theorem 12. 21 implies Theorem 12.11 which gives an estimate of the wave 
component by the heat one and which is the key point of the proof of Theorem 11.11 

The rest of this paper is organized as follows. In section 2, we show, from The- 
orem 12.11 Theorem 11.11 and we explain how Theorem 12.21 implies Theorem 12. 1[ In 
section 3, we begin by stating the new Carleman estimate and explain how this 
estimate implies Theorem 12.21 We give then the proof of this Carleman estimate. 
Section 4 is devoted to the proof of important estimates stated in Theorem 13.21 in 
the proof of Carleman estimate. Appendices A and B are devoted to prove some 
technical results that will be used along the paper. 
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2 Proof of Theorem 1.1 



This section is devoted to the proof of Theorem 1 We start by stating Theorem 
12. 1[ Then we will explain how this Theorem implies Theorem 11.11 Finally, we give 
the proof of Theorem 12. 1[ 

Let /i be a real number such that |yu| is large, and assume 

F={A-i^i)U, U = {uo,VQ,vi) e D{A), F={fo,go,gi) eH (4) 
The equation (jl]) yields 

{A~in)uo = fo mill, 

(A + /i2)t;o = gi+ifxgo inl^a, (5) 

vi = go + ifivo infis, 

with the following boundary conditions 

^iolri = 0, foira = 

op{bi)u = uq - ifivo = go\^, (6) 

Op{h2)u = dnUo - dnVo = 0|^. 

To proof Theorem 11.11 we begin by stating this result 

Theorem 2.1 Let U = {uo,vo,vi) G D{A) satisfying equation ^ and Then 
there exists constants C > 0, ci > and fio > such that for any fi > fio we have 
the following estimate 

\\vo\\%i^n2) ^ C'e"'^ (ll/olli2(Ci) + ll^i + if^9o\\l2(^n2) + hofn^n,) + holl?fi(ni)) • 

(7) 

Moreover, from the first equation of system i^, we have 

/ (-A + ifi)uoU^dx = ||VMo|li2(s^j) + ifi \\uo\\l2(^^^) - / dnUoU^da. 
Since uo\^ = go + ifJ'Vo and dnUo = —dn'Vo, then 
/ (-A + i/i)MoMoo?a; = ||VMo||i2(s^j) + «/i ||uo||i2(ni) - / dn'VoVoda + / dn'Vogoda. (8) 

J Hi J ^ J y 

From the second equation of system and multiplying by {—in), we obtain 



i/i / (A + /i )vQVQdx = -ijj, ||Vt;o|lL2(f72) + ll^o|lL2(n2) + / dn'VoVoda. (9) 
J Q2 



Adding and ©, we obtain 



A + ifi)uoUodx + ifi (A + /i )voVodx = 
ni Jn2 

l|Vt;o|| L2(n2) + ^A* ll^o|lL2(f^2) + / ^ri'Vogodcr. 

J -y 

Taking the real part of this expression, we get 

dn'Vogoda 



||VMo|lL2(f^^) < ||(A - i/x)Mo|lL2(f^^) ||Mo||^2(f^^) + ||(A + /i )t^o||i2(f^2) ll^o|lL2(f^2) + 

^(10) 

Recalhng that At>o = go + ifigo — A^^^o and using the trace lemma (Lemma 3.4 in 
[6]), we obtain 



ll^"^oll//-^(^) ^ ^ (/^ ll^o|lHi{f^2) + 11^1 +^/^^o|lL2(f^^)y . 

Combining with ( fTOj) . we obtain 

||VMo||j2(f^^) < ||/0|lL2(f^^) ||%|lL2(f^^) + 11^1 + imh^n^) ll^0|lL2(f^2) 

+ (/^^ 11^011^1(^2) + 11^1 + Wo|lL2(f^^)) Ikoll^i(^) • 

Then 

c c 

||VMo||i2(f^^) < - ||/o|li2(f^^) + e ||%|lL2(f^^) + - 11^1 + i/^^o|li2(f^^) + e 11^^0115.2(^^2) 

+ (/^' ll^o|lHi(f72) + 11^1 + ^/^^o|lL2(f^,)) ll^oll^i(^) • 

Now we need to use this result shown in Appendix A. 

Lemma 2.1 Let O he a hounded open set ofW^. Then there exists C > such that 
for u and f satisfying (A — ifi)u = f in O , fi > 1, we have the following estimate 

\\u\\m{o) ^ ^ (||V"IIl2(ci) + II/IIl2(ci) (11) 
Using this Lemma, we obtain, for e small enough 

L2(ni) + C'e US'! + «/^5'o|Il2(Q2) + e ll'"o|lL2(f^2) 

+ (/^' ll^0|lHl(f72) + 11^1 + Wo|lL2(f^,)) Ikoll^i • 

Then there exists C3 >> ci such that 



Imin.) < C [WfoWh^n,) + ^e"'''' HWmin.^ + C.e--^ \\g, + ^^^go\\h^n,) + e-'^ ||^7o||^i(^,) 

(12) 

Inserting in ([7]), we obtain, for e small enough 



||^oilHi(C2) < Ce^' (WfoWhin,) + ll^?o|lHi(n2) + l^i + Wo|li2(^,) . (13) 



Combining ffT^ and ffT^ . we obtain 

||«o||hi(Oi) < C'e"'' (ll/olli2(n,) + ll^o||^i(n2) + ll^i + ^/^^o 1 1^2(03)) • (14) 
Recalling that vi = go + ifiVo and using (fT3l) . we obtain 

< ^e^"* {WfoWl^im) + ll^o|lii(n2) + 11^1 + ^/^^o|li2(f^^)) . (15) 
Combining ( fT3l) . f |T^ and ( |T5l) . we obtain Theorem 11.11 

□ 

Proof of Theorem 12.11 

Estimate (JTj) is consequence of two important results. The first is a known re- 
sult shown by Lebeau and Robbiano in [9] and the second one is given by Theorem 
12.21 and proved in section 3. 

Let < ei < €2 and V^., j = 1, 2, such that V^. = {x E Q2, d{x, 7) < ej}. 
Recalling that (A + /i^)fo = gi + ifJ^go, then for all D > 0, there exists C > and 
g]0, 1[ such that we have the following estimate (see [9]) 

(16) 

Moreover we have the following result shown in section 3. 

Theorem 2.2 There exists C > 0, Ci > 0, C2 > 0, 62 > and yUo > such that for 
any /i > /io, we have the following estimate 



^011^1(^2) - 



II/oIIl2(s^j) + \\gi + «/^5'o|li2(Q2) + ll5'o|lHi(n2) + lko|lHi(f7i) 



+ Ce-'^'n\vofH.^n,y (17) 
Combining ( fT6l) and ( fT71) we obtain 



C„ „2 C 

|2 ,11 , • ||2 , II ||2 2 



I^0|Ih1(C2\K2) - ^^^^^ 11^011^1(^2) + - 11^1 + ^^^0|Il2(O2) + -e '''' 11^011^1(^2) 



c 

e 



ll/ollL2(f7i) + \\9l + Wo|Il2(s^2) + ll5'o||/i-i(n2) + II"o|Ih1(!^i) 

Adding (JIT]) and (flH]), we obtain 

11^^011^1(^2) ^ C'ee^'^ 11^011^1(^2) + Iki + imWl'^in^) + Cee'^'" 11^^011^1(^2) 

+C^e''^^ ||/o||^2(s^^) + llfi-i + WoIIl2(s^2) + \\9o\\m(n2) + II"o||^i(Qi) 



We fixe e small enough and D < C2, then there exists fiQ > such that for any 
> yUO) we obtain (^^. 

□ 
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3 Carleman estimate and Consequence 



In this part, we show the new Carleman estimate and we prove Theorem 12.21 
which is consequence of this estimate. 



3.1 State of Carleman estimate 



In this subsection we state the Carleman estimate which is the starting point of 
the proof of the main result. Let u = {uo,Vo) satisfies the equation 



in Qi, 
in 1^2, 

op{Bi)u = uq — ifivo = ei on 7, 
op{B2)u = dnUo - dnVo = 63 on7, 



(19) 



We will proceed like Bellassoued in we will reduce the problem of transmission 
as a particular case of a diagonal system define only on one side of the interface with 
boundary conditions. 

We define the Sobolev spaces with a parameter fi, by 



(e,/i)^w(e,/i)eL2, (^,;,)2=|^|2 + /i2 



u denoted the partial Fourier transform with respect to x. 
For a differential operator 



\a\+k<m 

we note the associated symbol by 

\a\+k<m 

The class of symbols of order m is defined by 
and the class of tangential symbols of order m by 



'm 



We denote by O™' (resp. TO"^) the set of differentials operators P = op{p), p E S'^ 
(resp. TSp. 

We shall frequently use the symbol A = = (|^'|^ + /^^)2. 

We shall need to use the following Carding estimate: if p G TSf^ satisfies for Cq > 0, 

p{x, /i) + p{x, /i) > CqA^, then 

3Ci > 0, 3/io > 0, V/i > /io,VM G C^{K), Re{P{x, D' , fj,)u,u) > Ci \\op{A)u\\l2 . 

(20) 



7 



Let X = {x\xn) e W^~^ X R. In the normal geodesic system given locally by 
^2 — {x & MJ", Xn > 0}, Xn — dist{x, dfli) — dist{x, x'), 
the Laplacian is written in the form 

A = -A2{x,D) = - {Dl^ + R{+Xn,x',D^,)) . 
The Laplacian on fli can be identified locally to an operator in O2 gives by 

A = -A^{x, D)^- {Dl^ + x' , D,.)) . 

We denote the operator, with C°° coefficients defined in VL2 = {xn > 0}, by 

A{x, D) ^ dieig(^Ai{x, D^), A2{x, D^j^ 
and the tangential operator by 

R{x,D^>) = dieig(^R{-Xn,x',D^>),R{+Xn,x',D^>j^ = diag (^Ri{x, D^r), R2{x, D^>)y 

The principal symbol of the differential operator A{x, D) satisffcs 

a{x,^) = 'Cn + ^(^)'C')) where r{x,^') = dia,g(^ri(x,^'),r2{x,^')^ is the principal 

symbol of R{x, D^') and the quadratic form rj(x, ^'), j = 1, 2, satisfies 

3 00, V(x,0, r,(x,0>C|ri', J = 1,2. 

We denote P{x, D) the matrix operator with C°° coefficients defined in 
^^2 = {xn > 0}, by 



P{x, D) = diag(Pi(x, D), P2{x, D)) 



Ai{x,D)-iJ, 

A2ix,D)-fi^ 



Let (p{x) = diag((/9i(a;), (/92(a;)), with (pj, j — 1,2, are C°° functions in flj. For /i 
large enough, we define the operator 

A{x, D, 1^) = e^'^A{x, D)e-i^ := op{a) 

where a e 5"^ is the principal symbol given by 

Let 



^{Aj + A*), op{qij) = ^. 
its real and imaginary part. Then we have 



op{q2,j) = -{Aj + A*), op{qij) = -{A, - A*), j = 1,2 



Aj = op{q2,j) +iop{qij), 



(21) 



where gij e TSj^ and q2,j G TS'^ are two tangential symbols given by 
Qidix, IJ) = rj{x, j = 1, 2, 



(22) 



with r{x,$,',ri') is the bilinear form associated to the quadratic form r{x,^'). 

In the next, P{x,D,iJ,) is the matrix operator with C°° coefficients defined in 
^2 = {xn > 0} by 



Ai{x, D, /i) — n 

A2{x,D,i^) - ^'^ 

(23) 



P{x, D, /x) = diag(Pi(a;, D, /x), P2{x, D, /.)) 



and u = {uq,vq) satisfies the equation 

Pu = f 

op{bi)u = Mo|x-„=o - ifJ'Vo\xn=o = ei 



where / = (/i,/2), e = (61,62) and B = (op(6i), 0^(62))- We note pj{x,^,i^), 
j — 1, 2, the associated symbol of Pj{x, D, jj). 
We suppose that </? satisfies 



in 




>0}, 


on 




= 0}, 


62 on 


{Xfi 


= 0}, 






(24) 



(/?l(x) = ^P2{x) 



dtp 



dXn 



i>0 



dXn 



d^2 

dXn 



on {Xn = 0} 
on {Xn = 0} 

> 1 on {Xn = 0} 



(25) 



and the following condition of hypoellipticity of Hormander: 3 C > 0, ^x & K 
ve e R"\{0}, 



Repj = et —Impj — 



|Rep,-,i-Imp,| >C(e,/i)^ (26) 



where {f,g}{x,^) = ^ ^^Jf: ~ Poisson bracket of two functions 

f{x,^) and (?(a;, ,^) and X is a compact in D,2. 
We denote by 



\u\ 



\U\ 



\U 



Xk-j) 



u\ 



j=Q 



=o\\k,^c, \u\k^Hx„=o\k^ k^'^ and \u\^,o,n ^ + l^x^u] 
We are now ready to state our result. 
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Theorem 3.1 Let ^ satisfies (E^j and Let w e C^{n2) and x e Co°°(M"+i) 

such that X = 1 m the support of w. Then there exists constants C > and fiQ > 
such that for any ^> we have the following estimate 

llwlli^^ + /i^ \w\\ + /i^ \Dx„w\^_i 

< C (\P{x, D, fx)wf + \opibi)w\'i + /i \op{b2)wf^ . (27) 

Corollary 3.1 Let (p satisfies and (d^. Then there exists constants C > 
and fiQ > such that for any ^> we have the following estimate 

lle^^/illni < C (||e'^'^P(x, D)hf + |e^^op(Sl)/i|^ + /i \e^^op{B2)hf) , (28) 

for any h G C^{^2). 
Proof. 

Let w = e'^'^h. Recalling that P{x,D,fi)w = e^"^P{x, D)e-f"^w and using ([27]), we 
obtain 



3.2 Proof of Theorem [272 



We denote x = {x', Xn) a point in Q. Let xo = (0, —S), S > 0. We set 

ip{x) = \x — Xof — (5^ and 

r 

<^^(x) = e-^^(^''-^"\ (^2(3;) = e-'3('^(^)-°^"), /3>0, and - < a < 25. 

The weight function ip = diag{ipi,ip2) has to satisfy (1251) and (1261) . With these 
choices, we have (^i|2;„=o = V^2U„=o and |p-|a;^=o > 0. It remains to verify 



dpi \ ( Oip2 



dXn J V 



> 1 on {xn = 0} (29) 



and the condition (PUI) . We begin by condition I^E^j and we compute for ipi and pi 
(the computation for if 2 and p2 is made in the same way). Recalling that 

1 1 Im 
Repi,— Impij (x,0 = ^ [diiPiix,^ - iiJ,Lp[{x)) d^pi{x,^ + inip[{x))] 

+* [^€^1(3;, ^ - w'i(a;))] ^i(a;) [5^^1(0;, ^ - ifiip[{x))] . 
We replace </3i(x) by (pi{x) = e-W(^'--^n)^ /5 > 0, we obtain, by noting ^ = —(3(pi{x)r] 



1 I 2 

Repi(x, r/ — i^iip')-, — Impi(x, 77 + i^iip') > (x, rj) — j3 \il)'{x)d„pi{x, rj + «/i'?/'')l 
2/i ' 
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and 



\^p'{x)dr^Pi{x,r] + = 4 /i^ \pi{x,^')f + \pi{x,r],'ip')\ 



where pi{x,r],ip') is the bihnear form associated to the quadratic form pi{x,ri). We 
have 

Repi = et — Impi = 0^ <^=^ Pi{x, r] + ifj,ip') = 0, 

If yU = 0, we have pi{x,C,) = which is impossible. Indeed, we have 
Piix, 0>C |^|^ V(x, ^) e K xW, K compact in fig- 

If /i 7^ 0, we have pi{x, r], ip') = 0. 

Then \ilj'{x)dr,pi{x,'r] + = Afi"^ \pi{x,ilj')f > 0. On the other hand, we 

have 

Repi(x,?7 - i/Jip'), ^Impi(x,?7 + ifxip')^ {x,r]) < Ci{\r]f + f/ 

where Ci is a positive constant independent of ip'. Then for /3 > Ci, we satisfy 
the condition fl26l). 



Now let us verify (!29l) . We have, on {xn = 0}, 



dxn 



d(£2 
dXn 



P^a{4:6 - a)e 



Then to satisfy ( 129|1 . it suffices to choose P = ^ where M > such that ^ > Ci. 
We now choose ri < r[ < r2 < = ipi^) < T2 < T3 < r'^. We denote 

Wj = {x E Q, Tj < ip{x) < r'j} and T^^ = H ^2- 
We set Rj = e-^'^^ R'j = e'^''^ j = 1, 2, 3. 

Then R'^ < R^ < R'2 < R2 < R'l < Ri- We need also to introduce a cut-off function 
X e Co^(M"+i) such that 

if p < ri, p > r'^ 

1 if p G [r[,rs\. 

Let M = {uo,Vo) = xu = {xuq.xvq). Then we get the following system 



x{p) 



(A - ip)uQ = xfo + [A - z/i, x]^io 

(A + IJ,^)vo = Xigi + iP9o) + [A + /i^, ;^]^;o, 

^1 = 9o + ipvo, 



with the following boundary conditions 



Molri = ^'olra = 0, 

op{hi)u = uo- ipvo = {x9o)U, 

Op{h2)u = {[dn,x\Uo-[dn,x]vo)\y 
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From the Carleman estimate of Corollary 13.11 , we have 



l^\\e>''^u\\%i < C (^||e'^'^i(A -i/i)Mof + lle'"^^ (A + /i2)5o|f + \e>'^ op{W)uf^i + /i |e'^'^oj9(62) 

(30) 

Using the fact [A — ijj,, x\ is the first order operator supported in {wi U w^) fl fii, we 
have 



(31) 



Recalling that [A + /i^, x\ is the first order operator supported in {wi U W3) fl we 
show 



(32) 



From the trace formula and recalling that op{b2)u is an operator of order zero and 
supported in {x„ = 0} fl W3, we show 

^^ \e^^op{b2)uf < Ce'^^'^ \\u\\l.^^^ < C (e^'^^^ \\u4l,^^^^ + e'^^'^ llt^oili^n,)) • (33) 
Now we need to use this result shown in Appendix B 

Lemma 3.1 There exists C > such that for all s eM. and u G C^{VL), we have 

||op(A^)e'^^M|| < Ce^^ ||oj9(A")m|| . (34) 
Following this Lemma, we obtain 

|e^^op(6l)«|^ < Ce'^^ \g,\\. < Ce'^^ \\go\\l.^^,^ • (35) 
Combining ([30]), ([3l]), ([32]), ([33]) and ([35]), we obtain 



Since R'2 < Ri- Then we have 

|2 ^ ^ :,Clfl 



I 2/xi?3 |L. ||2 _|_ p2/xi?3 |L, ||2 _|_p2AJC|| ||2 s 



< Ce' 



ll/oilL2(s^j) + llfi-l + ^Aifi'O 1 1^2(^2) + \\gofHi(n^) + lko||^i(!^i) 



+ Ce-'^^n\vo\\l.^n,y 



(36) 



Since 7 is compact, then there exists a finite number of T^^. Let K2 <^ UTj.,,. Then 
we obtain (|T7I) 
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3.3 Proof of Carleman estimate (Theorem 13.11) 

In the first step, we state the following estimates 



Theorem 3.2 Let if satisfies ^25\) and ( Tgq) . Then there exists constants C > and 
/io such that for any fi > fio we have the following estimates 



\\u\\l^ < C (\\P{x, D, fi)u\f + /i \u\l^^^ 



(37) 



and 



l^\\u\\l^f, + l^\u\l^o,,i < C {\\P{x, D, n)uf + fx ^\op{bi)u\l + ij\op{b2)uf) , (38) 
for any u e C^{Tl2). 

In the second step, we need to prove this Lemma 

Lemma 3.2 There exists constants C > and fiQ > such that for any fi > fiQ we 
have the following estimate 



0,M 



< C (||P(x, D, fi)uf + /i-i \op{h)u\l + /i \op{h)uf) 
for any u E C^{il2)- 



(39) 



Proof. 

We have 

P(x, D, f,) = Dl^ + R + fiCi + fi^Co, 
where R G TC^, Ci = ci{x)D^^+Ti, with Ti G TO^ and Co G TO°. Then we have 

2 



{Di^ + R)op{A")u 



< C 



Since 



Pop{A 2)u 



op{A 2 )u 



op(A2 )n 



Dx„op{A 2)n 



op(A 2 )^i 



,3 IU,||2 



< \\u\ 

_i 2 2 

D^^op{A 2)u <Cfi,\\D^^u\\ and 

1 2 

op{A2)u = fi'^{-^op{A)u, ^u) <C[fi ||op(A)m||^ + fx^ \\uf) . 



Using the fact that — ||op(A)m||^ + HD^j^mH^, we obtain 



{Dl + R)op{A-2)u 



< C 



Pop{A 2)n 



+ ||n||^ 
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Following flHTj) . we have 

{Dl^ + R)op{K-^u 
We can write 



< C 



Pop(A-t)n +\\Puf + ii\u\l,^^ 



(40) 



Pop{A^2)u = op{A'2)Pu+[P,op{A~2)]u 

= op{A"^)Pu + [R, op{A'^)]u 

+ fi[Ci,op{A~^)]u + iJ,^[Co,op{A-^)]u 

= op{A-^)Pu + ti+t2 + ts. 



(41) 



Let us estimate ti, t2 and ts. We have [R,op{A 2)] g TCa^ then following ( 1371) . we 
have 

lltif < C ||op(A^)n||' < C {\\op{A)uf + \\uf) < C (||Pnf + ^^ \u\%Jj . (42) 

We have ^3 = ^[Ci,op{A^'i)]u = jj,[ci{x)D.j.^, op{A^^)]u + jj,[Ti, op{A^^)]u. Then 
following (1H7|) . we obtain 

\\t2\f<C (/.-I WD^^uf + \\uf) < C (\\Puf + /i J . (43) 
We have [Co,op(A^5)] g TO"^^ then following (|37j) . we obtain 



(44) 



From dH]), (112]), (USD and (glD, we have 

|Pop(A-^)w||'<c(||Pxif + /x|w|?,o,^). 
Inserting this inequality in (HUj) . we obtain 

(Z}^„ + P)op(A-i).i||' < C (llPnf + ^ 



0,M 



(45) 



Moreover, we have 



{Dl^+ R)op{A''^)u = Dl^op{A 2)u + Rop{A'^)u +2TZe{Dl^op{A''^)u, Rop{A 
where (., .) denoted the scalar product in L^. By integration by parts, we find 



{Dl^ + R)opiA~-^)u = Dl^op{A-^)u + Rop{A 



2 ]u 



+27^e {i{D,^u, Rop{A-^)u\ + i(P',„u, [op(A-^), P]op(A-^)m)o 



+27^e (PZ},„op(A-2)M,Z),„op(A-2)xz) + {D^^op{A--^)u, P]op(A-2 )«) .(46) 
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Since, we have 



op{A^)u = (op(A^)op(A2)u, op(A2)ii) = ^ {D^op{A^)u,op{A^)u)+ijL^{op{A^)u,op{A^)u). 



j<n-l 



By integration by parts, we find 



op{A2)u = {Djop{A^^)u,Djop{A^^)u)+jji^ op{A^^)u = k+i/ op{A^^' 

j<n-l 



Let xo £ C^(R"+^) such that xo = 1 in the support of u. We have 



u 



(47) 



k= ^ {xoDjOp{A-2)u,Djop{A^u)+ ^ {{I - XQ)DjOp{A^)u, Djop{A^)u). 

j<n—l 

RecaUing that xou = u, we obtain 

{XoDjOp{^h'^:Djop{A^)u)+ {[{l-Xo):Djop{A^)]u,Djop{A^)u)^k'+k". 

j<n—l 1 

(48) 

Using the fact that [(1 - Xo), DjOp{A^)] e TO^ and DjOp{A^) e TCi, we show 

k" < C \\op{A)u\f . (49) 
Using the fact that J2j,k<n-iXoO'j,kDjvDkV > SxoJ2j<n-i l-^j'"!^' 5 > 0, we obtain 



k'<C Y {XoajkDjOp{A^)%Dkop{A'2 



j,k<n—l 



^'^ Yl iiXo, ajkDjOp{A2)]u,DkOp{A2)u)+ ^ {ajkDjOp{A2)u, DkOp{A2)u). 

j,k<n—l j-,k<n—l 

Using the fact that [xo, %fc-DjOp(A2)] e TO^ and Dkop{A^)u e TO^, we obtain 



k' <C { Y iajkDjop{A^u, Dkop{A^u) + ||op(A)ii| 

\j,k<n—l 

By integratin by parts and recaUing that R — k<n-i^j,k-^j-^k, we have 



(50) 



{ajkDjop{A2)u,Dkop{A2)u) = {Rop{A^2)u,op{A2)u (51) 

j,k<n—l 

+ Y {[Dk,ajk\Djop{A^)u,op{A^)u). 



j,k<n—l 



1 3 

Since [Dk,ajk]DjOp{A2) e TO^, then 



J2 {[Dk: ajk]Djop{A-^)% op{A-2)u) < C \\op{A) 

j,k<n—l 



U\ 
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Following fl^Tl) . we obtain 



{ajkDjOp{A^)u, DkOp{A^)u) < C ({Rop{A^)u, op{K^)u) + \\op{A)u\ 

j,k<n—l 



(52) 



Since 



{Rop{A^u,op{A^)u) = {Rop{A ^u,op{A^u) + {[op{A R]op{A^^)u,op{A^u)). 

Using the fact that [op{A^^), R]op{A^) E TO^ and the Cauchy Schwartz inequality, 
we obtain 



{Rop{A2)u, op{A2)u) < eC op{A2)u 



2 C 

+ 

I 



Rop{A-^)u +C\\op{A)u\\^ (53) 



Combining (ST]), (iHl), (119]), (JSOl), obtain 



op(A2 )« 



< eC 



op(A2 )m 



2 C 
+ — 
e 



Rop{A~2)u +C\\op{A)uf. 



For e small enough, we obtain 



Rop{A-2)u > C 



op(A2 )m 



op{A2)u 



Using the same computations, we show 



{RD^^op{A—2)u, D,^op{A-2)u) > C D,^op{A^)u - /i \\D,„u 



(54) 



(55) 



Combining 

iDl+ R)opiA-'^)u 



and 

2 



, we obtain 



{D^„u,Rop{A ')u)o\+ {D^„u,[op{A ^),R]op{A 3)u)o 



+ 



(D,„op(A -^)u,[D,„,R]op{A -^)u] 



(56) 



> C 



i^^ op{A 2)n + D,j.^^op{A'i)u + op{A-^)u 



Since 



|(D,,„M,i?op(A-i)n)o| + |(/^.„n, MA"^), /?]op(A-^)«)o| < C (|Z},.„m|' + = C 

(57) 

and 

(D.„op(A-t)n,[D,.„,i?]op(A-i)n)| < C/iH^Hj^^. (58) 
From (iSD, (Eel), (EZD, dSHD and ((371), we obtain 

D1 op{A"^)u + Dx^op{A^)u + op{A^)u 



< C (^\\P{x, D, fi)uf + fi \u\l^Q^^ 
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Following 



we obtain 



□ 



We are now ready to prove Theorem I3.1[ 



Let X e q 



such that X = 1 in the support of w and u = xop(A 2)^7. 



Then 



Pu = op{A ^)Pw + [P,op{A 2)]u' + P[x, oj9(A 2)]-u7 

= op{A~^)Pw + [P,op{A~^)]w + DUx,op{A~^)]w 

+ R[x,op{A-^)]w + fiCi{x)D^Jx,op{A-^)]w 

+ fxTilx, opiA-'^)]w + fx^Colx, opiA~-^)]w 

= op{A^^)Pw + [P, op(A"2)]u7 jf- ai + a2 + as + + 05. 



(59) 



Let us estimate Oi, 02, 03, 04 and 05. Recalling that [x,op{A 2)] g TO 2 and 
Xw = w. Using the fact that [D^„,Tk] G TO'' for all Tk G TO^ we show 



|ai|r < C 



op{A 2 )w 



and 



D^^op{A 



op{A 2)w 



(60) 



(61) 



We have P[x,op(A-2)] g TCa, Ti[x, op(A-2 )] g rO-2 and 

1 3 _ 

Co[x, op(A~2)] G TC~2. Then we obtain 



I II 2 II II 2 

a2 + 0-4 



laslr < c 



op{A2)w 



(62) 



Using the same computations made in the proof of Lemma [3.21 (cf ti, t2 and ^3 of 
(IHl)), we show 



[P,op{A 2)]u' 



< C 



op{A'i)'w 



Following (ISi), (EO]), (ETj), (1621) a obtain 



(63) 



\\Puf < C (^fi-^ \\Pwf + op{A^)w ^ + ^1'^ \\D^„wf + \\Dl^op{A-^)wf^ . 

(64) 

We have 

op{bi)u = op{hi)xop{A^'^)w = op{A^'^)op{hi)w + op{hi)[x.,op{A^'^)\w. 
Recalling that op{hi) G T(9^, we obtain 

\op{hi)u\^^ = fi~^ \op{A)op{bi)uf < C ( /i^^ op{A'^)op{hi)w + 11 



op{A2)w 



(65) 
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We have 

op{h2)u = op{b2)xop{^~'^)w = op{A~^")op{b2)w+op{b2)[x, op{A~^)]w+[op{b2), op{A~^"j^u]. 
Recalling that 0^(62) G Dx„ + TO^, we obtain 

2 / 1 ^ 1 ^ 3 

fj,\op{b2)u\ < C [ fi op{K~'^)op{b2)w + op(A^2)-u; +^ D^^op{A^^)w 

Moreover, we have 

2 2 2 2 2 

/^l"ll,0,M = '"l^ll =/^I^P(^)"l +f^\^x„u\ ■ 

We can write 

op{A)u = op{A)xop{A^'^)w = op{A2)w + op(A)[x, op(A^2)]w. 

Then 



(66) 



2 

/i |op(A)n| > yU op{A2)w 



op{A ■^)w > /i op{A-^)w 



op{A'^)w 



For /i large enough, we obtain 

2 ■'■ 

jjL\op{A)u\ >Cfi op{A2)w 
By the same way, we prove, for fi large enough 

Ai|^x„M|^ > C/i D^^op{A'^)w 

Combining ( 1671) and ( !68l) . we obtain 

2/12 1 

By the same way, we prove 

op(A5)m % ||0]9(A)wf - C 

L>,„op(A^)M ' > \\D,Mf - C ||op(A-i)D,„u;||' - C \\op{A-')w\ 



(67) 
(68) 

(69) 

(70) 
(71) 



and 



DlopiA 2)u 



> 



(72) 



2\„.,l|2 



\\DiM^~')w\\^ - C \\D',M^ H\ - C \\D..,M^-'M^ - C \\opiA-')w 
Combining (!70|) . (1711) and (!72|) . we obtain for /i large enough 

Dl^op{A^^)u + Dx„op{A^)u + op(A5)M 

> C {\\DlM^'')^f + P.'.^f + \\op(^M?) ■ (73) 

Combining ([39]), (El]), (ESI), ([66]), ([69]) and obtain ([27]), for /x large enough. 

□ 
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4 Proof of Theorem 13.2 

This section is devoted to the proof of Theorem 13.21 



4.1 Study of the eigenvalues 

The proof is based on a cutting argument related to the nature of the roots of 
the polynomial Pj{x, C,', fi), j = 1, 2, in On x„ = 0, we note 

= gi,i(0,x',^',/i) = gi,2(0,x',^',/i). 

Let us introduce the following micro-local regions 



1/2 
^1/2 



'1/2 



(x,e',/i)GirxM", g2,i/, + 



(x,e',/i)eirxM", 52,1/,+ 



e K X M", g2,i/2 + 



> 



2.^2 



9x„ 



2.^2 



< 



9x„ 



2.\2 



(Here and in the following the index I/2 using for telling 1 or 2). 

We decompose pi/^ {x, ^, /i) as a polynomial in ^n- Then we have the following lemma 

describing the various types of the roots of pi/^. 

Lemma 4.1 We have the following 

1. For (x, G ^11^, the roots o/pi/, denoted z^^ satisfy ±ImZy^ > 0. 

2. For (x,^',yu) G Zi/^, one of the roots ofpi/^ is real. 

3. For (x, /i) G £^i^, the roots ofpi/^ are in the half- plane Irn^n > ^f-^^ < 
(resp. in the half-plane Irri^n < if > 0). 

Proof. 

Using ( |2T|) and ( l22l) . we can write 



Pi(x',^,/i) = ( C« + ^/^?^ - ««i ) (^n + ^/^^ + 



9x 



P2{x',^,H) = in + 11^ 



dip2 
^dXr, 



■ lie , • ^^^2 , . 
««2 ) ( G + ^/^^^ + ^'^2 



(74) 



where a,- G C, j = 1, 2, defined by 



(75) 



a2(x',f ,/i) 



9^ 
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- /^^ + 92,1 + 2i/igi. 



We set 

the roots of pi/j- The imaginary parts of the roots of pi/^ are 

— /U-^ Keai/2, hKe 0:1/2. 

The signs of the imaginary parts are opposite if \d(fi/2/dxn\ < \Reai/^\, equal to 
the sign of —d(pi/^/dxn if \d(pi/2/dxn\ > \Reai/^\ and one of the imaginary parts 
is null if \d(pi/2/dxn\ = \Reai/^\. However the lines Rez = -L^dipi/^/ dxn change 
by the application z ^ z' = into the parabolic curve Rez' = rndLpi/^/ dxA — 
|Imz'|^ /A^iidi^il^/dxnY- Thus we obtain the lemma by replacing z' by ci\i^. 

□ 



Lemma 4.2 // we assume that the function Lp satisfies the following condition 

> 1, (77) 



r\ \ 2 / o \ 2 



then the following estimate holds 



522-/^' + 2>921 + 2- (78) 

{dLp2/dXn) ' {difi/dXn) 



Proof. 

Following ( I22I) . on {x„ = 0}, we have 



r\ \ 2 / O \ 2 

Otfi \ I OLP2 



g2,2(x,r,/^)-g2,l(x,r,/^)= (/^^j -(/^^l • (79) 



Using ([77]), we have ([78]). □ 
Remark 4.1 The result of this lemma imply that C 82- 

4.2 Estimate in 

In this part we study the problem in the elliptic region S~^. In this region we 
can inverse the operator and use the Calderon projectors. Let x^i^^C^f'') ^ '^'5'° 

2 

such that in the support of we have ^2,1 + (g^^Jax y > S > 0. Then we have the 
following partial estimate. 

Proposition 4.1 There exists a constant C > and /iq > such that for any 
/i > fiQ, we have 

fi' \\op{x^)u\\l^ < C {\\P{x, D, ft)uf + \\u\\l^ + /X \u\l,^^) , (80) 
for any u G C^{Vt2)- 
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// we suppose moreover that ip satisfies [7^ then the following estimate holds 



/i \op{x^)u\l^^ < C (^\\P{x,D,fi)uf + fi ^ \op{bi)u\l + fi\op{b2)uf + \\u\\l^ + fi ^ |m|i,o,;,) 

(81) 

for any u G C^{Vt2) and bj, j = 1, 2, defined in [24\ )- 
Proof 

Let u = op{x~^)u. Then we get 

Pu = f in {xn > 0} , 

op{bi)u = £toU„=o - ilJ'Vo\xr^=o = ei on {a;„ = 0} , 

op{b2)u = (p^^^ + MoU„=o + {d^„ + t'oU„=o = 62 on {Xn = 0} , 

(82) 

with / = op{x^)f + [P, op(x+)] Since [P, op(x+)] G {TO'^)D^,^ + TC\ we have 



^3) 
M) 



1^ <C ||P(x,D,/i)n||^. + ||M||t 



and ei = op(x''')ei satisfying 
and 

62 



'eili < C |ei|^ 



(P>^„ + «/^|^), op(x+)J MoU„=o + [iD^„ + ^/^fe), op(x^)J vo\xr,=o + op{x^)e2. 

Since [D^^,op(x+)] G TO", we have 

|g2|'<C(|np + |e2p). (85) 

Let u the extension of -S by in x„ < 0. According to fl?Il) . ([22]) and ([2S]), we obtain, 

by noting ^(/j/axn = dmg {dipi/dxn,dip2/dxn),lj{u) = * (P'i„(?io) U„=o+,^L(^o) U„=o+), 

J = 0,1 and 5W = (d/dxOM5x„=o), 



Pu = f- 70 (m) ® 5' + - ( 7i(m) + 2z/i|^ 
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^6) 



Let xi^j^jf^) ^ '5'° equal to 1 for sufficiently large |^| + fj, and in a neighborhood of 
supp(x^) and satisfies that in the support of x we have p is elliptic. These conditions 
are compatible from the choice made for supp(x^) and Remark 14.11 Let m large 
enough chosen later, by the ellipticity of p on supp(x) there exists E = op{e) a 
parametrix of P. We recall that e G S*"^, of the form e{x,^,fi) = J2f=o^j(-^^^^ f^)^ 
where Cq = XP~^ and ej = diag(ej^i, Cj ^) ^ such that Cj^i and ej^2 are rational 

fractions in Then we have 



EP = op{x) + Rm, Rm e O 



-m—1 



^7) 
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Following flHUl) and flHTj) . we obtain 



u = Ef + E 



-hi ®6' + -ho^S 



dip 



ho = li{u) + 2i/i^7o(M), /ii = 7o(m), 
wi = (Id - op{x))u - RmU. 



(88) 



Using the fact that supp(l — x) H supp(x+) = and symbolic calculus (See Lemma 
2.10 in [7]), we have (Id — op{x)) op{x^) ^ O^"^, then we obtain 



I l|2 ^ -2 II ||2 



19) 



Now, let us look at this term E 



-hi (g) 5' + -/io ® 5 



For > 0, we get 



E 



-hi + -ho®6 
I 



Tihi + Toha 



2ti 



e'^^'-y'^^'i^{x,^',fi)h{y')dy'de = op{ij)h 



where 7 is the union of the segment G M, |^„| < Co\/|^'p + /i^} and the half 
circle G C, = Cqa/I^'P + /i^, /^«^n > 0}, where the constant Cq is chosen 
sufficiently large so as to have the roots and 2;^ inside the domain with boundary 
7 (If Co is large enough, the change of contour M — > 7 is possible because the symbol 
e{x,^,fi) is holomorphic for large ^„ G C). In particular we have in a;„ > 



(90) 



We now choose Xi(x, ^',/i) G ^5"°, satisfying the same requirement as x^, equal to 
1 in a neighborhood of supp(x^) and such that the symbol x be equal to 1 in a 
neighborhood of supp(xi)- We set tj = Xitj^ 3 = 0, 1- Then we obtain 



u = Ef + op{to)ho + op{ti)hi + W1 + W2 



(91) 



where W2 = op{{l — Xi)^)^o + op{{l — Xi)h)hi- By using the composition formula 
of tangential operator, estimate (lUUI) . the fact that supp(l — Xi) ^ supp(x''') = 
and the following trace formula 



|7o(M)li < Cfi 2 j G N, 



(92) 
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we obtain 

\M\l,<Cfi^m\u\\l^ + \u\l,J. (93) 

Since x = 1 in the support of Xi, we have e(x, is meromorphic w.r.t ^„ in the 
support of xi- 2^1/2 in Im^„ > ci y^l^'P + /i^ (ci > 0). If Ci is small enough we 

can choose 71/2 in Im^„ > and we can write 

tj = diag(tj,i,tj-2), tj,i/2(a;,^',/i) = /i)^ J e""^"ei/2(x, ^, /i)^^c?^„, j = 0, 1. 

(94) 

Then there exists C2 > such that in x„ > 0, we obtain 



In particular, we have e'^'^^"^{d^^)tj is bounded in TSj^ uniformly w.r.t x„ > 0. 
Then 



and 

Using the fact that = 71 (m) + 2i/i^7o(M) and /ii = 70 (m), we obtain 

||op(t,)/i,||;^^<C/i->|?,o,^. (96) 

From (EI]) and estimates (IMl), (IH9D, ((931) and (jM]), we obtain (180!). 
It remains to proof ( IHTi) . We recall that, in supp(xi), we have 

Co = diag(eo,i,eo,2) = diag(— , — J = diag ( — —,77 +^77 , • 

Using the residue formula, we obtain 

1/2 ~ ^1/2 

Taking the traces of ( 19T|) . we obtain 

7o(tt) = oj9(c)7o(m) + oj9((i)7i(M) + Wo, (98) 

where = 'JoiEf + wi + W2) satisfies, according to the trace formula (jHSD, the 
estimates (!H^ . (IHUj) and the following estimate 

kol? < C (||P(x, ^^)u\\^ + + \u\%^^ (99) 
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e-""-V2t,,v, = Xi r'^^^ +A1/2, J = 0,1, A1/2 G T5;2+^-. (97) 



and following fl9b|) . c and d are two tangential symbols of order respectively and 
— 1 given by 



Co = diag(co,i,Co,2) with co,i/ 



Xr 



'1/2 



^1/2 ^1/2 



^1/2 ^1/2 . 



c?_i = diag((i_i,i, (i_i,2) with d^i^i/^ = ( Xi 

Following ( l82l) . the transmission conditions give 

7o(mo) - ilJ^loivo) = ei 



7iK) + 7i(^^o) + ^/^|^7o(mo) + if^^^loivo) = 62- 
We recall that u = {uo,Vo), combining (lUSjl and fllOOp we show that 



/i 



where is a 4 x 4 matrix, with principal symbol defined by 



(100) 



[0] 




/o\ 










1 


ci+op 












(101) 



v 



1 - 


- Co,l 





-A(i-i,i 










1 - Co,2 





-Arf_i,2 







— z 








ifiA 


dXn 


'^"^ dx 


1 


1 



1 



where tq is a tangential symbol of order 0. 

We now choose X2{x,^',fi) G TS'^, satisfying the same requirement as x^, equal to 
1 in a neighborhood of supp(x''') and such that the symbol Xi be equal to 1 in a 
neighborhood of supp(x2)- In supp(x2)) we obtain 



Co|supp(x2) 







A 



z, — z 



1 ^1 








^2 ^2 



—I 












A 



^2 ^2 





V 



(JX ri. (JX 77, 
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Then, following (I7U|) . 

det(/co)|supp(x2) 



[zf - z^) \z} - Z2) ^ Aai. 



To prove that there exists c > such that |det(A;o) |supp(x2) | — c, by homogeneity it 
suffices to prove that det(A;o)|supp(x2) 7^ if |,^'|^ + fi^ = 1. 
If we suppose that det(A;o) |supp(x2) = 0; obtain ai = and then al = 0. 
Following ( 1751) .we obtain 



qi = and 



dxn 



+ q2,i = 0. 



Combining with the fact that 021 + 77; — — > 0, we obtain 

° ' (dipi/dxn) 



dXr, 



> 0. 



Therefore det(fco)|supp(x2) 0- It follows that, for large fi, k = ko + -vq is elliptic 
in supp(x2)- Then there exists / G TS'^, such that 

op{l)op{k) = op{x2) + Rm, 
with Rm G TO""*"^, for m large. This yields 



(7o(mo),7o(^^o), A ^7i(mo),A ^'Ji{vo)) = op{l)wo + j-op{l)op 



/0\ 



1 



ei + op{l)op 



/0\ 




VI/ 



+ - X2) - ^m)* (7o(%),7o(^^o), A ^71(^0), A ^7i(t;o))- 
Since supp(l — X2) H supp(x+) = and by using ( l99l) . we obtain 

/^l^^llo,/. < (/^"^|ei|? + /i|e2| + \\P{x,D,^i)u\\\2 + 11^^11?,^ + /^"^ I^IIo.m) • 
From estimates (|8^ and fl85l) and the trace formula fl92|) . we obtain flHTj) . 

□ 



4.3 Estimate in 

The aim of this part is to prove the estimate in the region Zi. In this region, if 
ip satisfies (177|) . the symbol pi{x, ^, /i) admits a real roots and P2{x, ^, /i) admits two 
roots Z2 satisfy ± \Yn.{zf) > 0. Let ')(^{x^^\ jj) E TS^ equal to 1 in Zi and such 

2 

that in the support of x° we have ^2.2 ~ /^^ + (o^^/fe )^ > 5 > 0. Then we have the 
following partial estimate. 
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Proposition 4.2 There exists constants C > and /^o > such that for any /i > /io 
we have the following estimate 



/i ||op(x°)m||i^^ < C (\\P{x, D, fi)u\f + fi \u\Iq^^ + 

for any u G C^{Vl2). 

If we assume moreover that ip satisfies [7l\ ) then we have 



\u\ 



(102) 



/i \op{x°)u\l^^^^^ < C (^\\P{x,D,fi)u\f + fi ^ \op{bi)u\l + fi\op{b2)uf + \\u\\l^^ + fi ^ |m|?_o,/.) ' 

(103) 

for any u G C^{VL2) and bj, j = 1, 2, defined in [24\ )- 

4.3.1 Preliminaries 

Let u G C^{K), u = op{x^)u and P the differential operator with principal 
symbol given by 

P{X, ^, IJ')=C + (lli^^ lAin + q2{x, /^) 

where qj = diag(gj,i, qj,2), j = 1, 2. Then we have the following system 

Pu = f in{a;n>0}, 
Bu = e= (61,62) on{x„ = 0}, 
where / = op(x°)/ + [P, op{x°)] u. Since [P, op(x°)] G {TO^)D^,^ + we have 



(104) 



L2 <C y\\P{x,D, ^)u\\^2 + 

B defined in (12^ and ei = op(x*')ei satisfying 
and 



(105) 



(106) 
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Uq\x„=0 + 



(D.„+^/.fi),op(x° 

Since [Dx^^opix^)] ^ ^0°, we have 

\~e2?<C{\u\^ + \62?) 



{D,„ + z/i|f ), opix')] VoU„=o + op{x')e2. 



(107) 



Let us reduce the problem (11041) to a first order system. Put v =* {{D', fi)u, D^^u) 
Then we obtain the following system 



P'x„v - op{V)v = F m {xn > 0}, 
op{B)v = (^Aei, 62) on {x„ = 0}, 
26 



108) 



where P is a 4 x 4 matrix, with principal symbol defined by 

S is a tangential symbol of order 0, with principal symbol given by 

1_/ -t 00\1 

(ro a tangential symbol of order 0) and F =* (0, /). 

For a fixed (xq, ^q, Ho) in suppxo, the generalized eigenvalues of the matrix V are 
the zeroes in ^„ of pi and p2 i.e zf = — ± iai and = — ± ia2 with 
±Im(2^) > and G M. 

We note s{x,C,',fi) = (sj", , s^, s^) a basis of the generalized eigenspace of 
V{xo, ^Q, /io) corresponding to eigenvalues with positive or negative imaginary parts. 
sf{x, /i), j = 1, 2 is a function on a conic neighborhood of (xq, A^o) of a de- 
gree zero in (^', fi). We denote op(s)(x, D^:/, fi) the pseudo-differential operator asso- 
ciated to the principal symbol s{x, C,', jj) = fi), s^(a;, (^', /i), Si{x, fi), 
Let /i) G ^5*° equal to 1 in a conic neighborhood of (a;o, Co^ /^o) and in a neigh- 
borhood of supp(x°) and satisfies that in the support of x, s is elliptic. Then there 
exists n G TS"*^, such that 

op{s)op{n) = op{x) + R^, 

with G TO^*""^, for m large. 

Let \^ = op{n)v. Then we have the following system 

D^^V = GV + AV + F^ in {x„ > 0}, 

(109) 

op{Bi)V = (^Aei, ea) + on {x„ = 0}, 
where G = op{n)op(V)op{s) , A = [Dx„,op{n)] op{s), 

Fi = op{n)F + op{n)op{V){op{l - x) - Rm)v +\D^^,op{n)] {op{l - x) - Rm)v, 
op{Bi) = op{B)op{s) and vi = op{B){op{x ~ 1) + Rm)v- 

Using the fact that supp(l — x) H supp(x*^) = 0, Rm G TO^"^^^ , for m large and 
estimate (11051) . we show 

<C {\\P{x,D,^i)uf^, + \\u\\l^ . (110) 

Using the fact that supp(l — x) ^ supp(x'') = 0, R^ G TO""^"^, for m large and 
the trace formula ^3% . we show 

/i < C (^f^-^ \u\Iq^^ + \\u\\l^^ . (Ill) 

Here we need to recall an argument shown in Taylor [13] given by this lemma 
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Lemma 4.3 Let v solves the system 

d 



V = Gv + Av 
dy 



E 



where G = \^ ^ j and A are pseudo-differential operators of order 1 and 0, 

respectively. We suppose that the symbols of E and F are two square matrices and 
have disjoint sets of eigenvalues. Then there exists a pseudo-differential operator K 
of order —1 such that w = {I + K)v satisfies 

-^w = Gw + ( '^^ ] w + Riw + R2V 
dy V "2 y 

where aj and Rj, j = 1,2 are pseudo- differential operators of order and —00, 
respectively. 

By this argument, there exists a pseudo-differential operator K{x, D^/, fi) of order 
— 1 such that the boundary problem (11091) is reduced to the following 

Dxr^w - op(H)w = F in {xn > 0}, 

(112) 

op{B)w = {j^Aei, 62) +vi-^V2 on{x„ = 0}, 

where w = {I -\-K)V, F = {I + K)Fi, oplTi.) is a tangential of order 1 with principal 
symbol n = diag{n-,n+) and -lm{n~) > CA, op{B) = op{Bi){I + K') with 
K' is such that (/ + K'){I + K) = Id + R'^ {R!^ e for m large) and 

V2 = opiBi)R'^V. 
According to (1 11 01) . we have 

\\F\\'<c[\\Pix,D,Ml, + \\u\\l^). (113) 

Using the fact that R'^ G O^"^^^, for m large, the trace formula fl^ and estimates 
(UnSD, (fTOTl) and dm]), we show 



/i 



op{B)w < C Q |ei|J + /i leal^ + /i ^ |m|?o,^ + . (114) 



Lemma 4.4 Let TZ = diag{—pld2,0) , p > 0. Then there exists C > such that 

1. ImiTZTi) = diag{e{x,^', p),0), with e{x,^',p) = —pIm(H^), 

2. e(x,^',/i) > CA in supp (x°), 

3. -7^ + B^B > CM on {x^ = 0} n supp (x°). 
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Proof 

Denote the principal symbol B of the boundary operator op{B) by (^^ ^ where 

is the restriction of B to subspace generated by (s^,s^). We begin by proving 
that B~^ is an isomorphism. Denote 

wi=*(l,0) and u;2=*(0,l)- 

Then 

are eigenvectors of and 2;^. We have B^ = {Bq + ^^o)(si's^) = Bq + ^rj. 

To proof that B~^ is an isomorphism it suffices, for large fi, to proof that Bq is an 
isomorphism. Following flTUj) . we obtain 



^0 



-i 



Then 



det(i3o+^ 



^0 ; — ~^ ^<^i- 

If we suppose that det(S,|) = 0, we obtain ai = and then af = 0. Following (1731) . 
we obtain 



qi = and 
Combining with the fact that g2,i + 



di£i 

dXr, 



I1 



+ g2,i = 0. 

0, we obtain f/i|^ 



0, that is 



impossible because following ( 1771) . we have {^-^ 7^ and following ([22]), we have 

/i 7^ 0. We deduce that B^ is an isomorphism. 
Let us show the Lemma [4. 4[ We have 



Im(7^7^) = diag (-plm(7^-), O) = diag (e(a;, /i), 0) , 
where e(x,^',/i) = — plm(7-^^) > CA, C > 0. It remains to proof 3. 



Let w 



{w , w 



G = C2 © C2. Then we have Bw = B'w' + B+ 



w ' 



(115) 
Since B~^ 



is an isomorphism, then there exists a constant C > such that 



Therefore, we have 



\w 



B+w^ 



< C 



> C 



Bw 



- |2 



We deduce 



— {TZw, w) = p\w' 



1 I H 
I >^|- 



+ (p- 1) \w' 



Bw 



Then, we obtain the result, if p is large enough. 



□ 
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4.3.2 Proof of proposition [32] 

We start by showing f ll02p . We have 



\Pi{x,D,fi)uo\ 



IKRePiHf + l|(ImPi)Mo| 



+ i 



(ImPi)Mo, (RePi)Mo - (RePi)Mo, (ImPi)Mo 



By integration by parts we find 

\\Pi{x,D,fi)uo\f = ||(RePi)nof + ||(ImPi)uof +i(^[RePi,ImPi]uo,Mo) + fJ'Qo{uo) 
where 

' Qoiuo) = i-2^D^^uo,D^^uo)o + {op{ri)uo,D^^uo)o 

+ {op{r[)D^^uo, Uo)o + (op(r2)uo, Uo)o + /^(f^^o, Mo)o, 



n = r[ = 2gi,i, r2 = -2|^g2,i. 



Then we have 



\Qoiuo)\'<C\ 



We show the same thing for P2{x, D, fi)vQ. In addition we know that the principal 
symbol of the operator [RePj, ImPj], j = 1, 2, is given by {ReP,, ImP,}. Proceeding 
like Lebeau and Robbiano in paragraph 3 in [9], we obtain f ll02p . 

It remains to prove (11031) . Following Lemma let G(x„) = d / dxn{op{lZ)w , w) 2,2(^^-1). 
Using Dx^w — op(H) = F, we obtain 

G{xn) = -2lm{op{n)F,w) - 2lm{op{n)op{H)w,w). 

The integration in the normal direction gives 

/•OO /"OO 

{op{TZ)w,w)o = / lm{op{Tl)op{H)w,w)dxn + 2 / lm{op{Tl)F,w)dxn 
Jo Jo 

From Lemma 14.41 and the Garding inequality, we obtain, for /x large, 

I 1 2 

lm{op(7l)op(Ti.)w , w) > C \ 1 , 

2 

moreover we have for all e > 



;ii6) 



;ii7) 



{op{TZ)F,w) dxn < eCfj, [|'u;~ 



9i 



\Ff. 



'118) 



Applying Lemma 14.41 and the Garding inequality, we obtain, for fi large. 



— {op{7l)w, w) + \op{B)w\^ > C \w\ 



(119) 
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Combining ffTO . ffTTS]) . ffTTTl) and ffTTUD . we get 

< -||Ff + |op(i3)wP. (120) 

' ' 2 /X 

Then 

< C||Ff + /i|op(;B)uf . 

Recalling that w = {I + K)V, V = op{n)v, v =* {{D' , fi)u, Dj-^u) and u = op{x^)u 
and using estimates (11131) and (11141) . we prove (11031) . 

□ 



4.4 Estimate in 8i 

This part is devoted to estimate in region £^ . 

Let X (2^5 i' 1 lA ^ ^5'° equal to 1 in £^ and such that in the support of x~ we have 
?2,i + (OyJ^a; )2 ^ ~^ < 0. Then we have the following partial estimate. 

Proposition 4.3 There exists constants C > and /io > such that for any fi > ^0 

we have the following estimate 

hp(x-)4l, < C {\\P{x, D, + /i \u\l,^^ + \\u\\l^) , (121) 

for any u e C^{Vt2). 

If we assume moreover that > then we have 

I, \op{x^)uo\l^^^ < C (\\P{x, D, ^)u\f + \u\l,^^ + \\u\\l^) (122) 

for any u = {uo,Vo) G C^{Q2)- 
Proof. 

Let u = op{x~)u = {op{x~)uo,op{x~)vo) = {uo,vo). 

In this region we have not a priori information for the roots of P2{x, ^, fi). Using the 
same technique of the proof of (11021) . we obtain 

fx \\op{x~)vo\\l^f, < C (\\P{x,D,fx)vof + fx It^ollo,/. + ll^oll?,/,) (123) 

In supp(x~) the two roots zf of pi(x, ^, /i) are in the half-plane Im^n < 0. Then we 
can use the Calderon projectors. By the same way that the proof of (1801) and using 
the fact that the operators to,i and ti^i vanish in > (because the roots are in 
Im^n < 0, see (IMI)). the counterpart of (jH]) is then 

uo = + + W2,u for Xn > 0. (124) 

We then obtain (see proof of ( IHOi) ) 

f^^ \\op{x~)uo\\l^^ < C (^\\Pi{x,D,fi)uof + n\uo\l^Q^^ + IImoIIi^^) • (125) 
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(126) 



Combining ffT^ and ffT^ . we obtain ffT^ . 
It remains to proof fll22p . We take the trace at x„ = 0+ of fll24p . 

7o(uo) = 1^0,1 = 7o(^/i + wi^i + W2,i), 
which, by the counterpart of fl^ . gives 

fi\-fo{uo)\l < C (^\\Pi{x,D,fi)uof + ||%||?,^ + |%|?,o,A.^ 
From (11241) we also have 

We take the trace at x„ = O"*" and obtain 

7i(^to) = 7o(^x„(^/^ + + ^i'2,i))- 
Using the trace formula flU^ . we obtain 

and, by the counterpart of ( !83l) . ( !89l) and ( !93l) . this yields 

/i|7i(^io)|^ < (^||Pi(a;,L',/i)Mo||^ + Ikoll?,;. + y""^ I%I?,o,a.) ■ (^27) 
Combining (11261) and (11271) . we obtain 

\op{x')uq\\^^^^ < C (\\Pi{x,D,^i)uQf + holli^^ + |mo|?,o, 
Then we have f fT22l) . □ 

4.5 End of the proof 

We choose a partition of unity + X° + X~ = 1 such that x"*"; X° and x~ satisfy 
the properties listed in proposition 14.11 14.21 and 14.31 respectively. We have 

\\u\\\^, < \\op{x^)u\\\^^ + ||op(x°)«||i_^ + |kp(x~)M||J_^ . 



2 

2,^l 



Combining this inequality and (|80l) . (I102p and (112 ip . we obtain, for large /i, the first 
estimate (1371) of Theorem 13.21 i.e. 



^^\\u\\\^ < C (\\P{x,D,^j)uf + ^i\u\\^^^ 



It remains to estimate jji\u\^Q ^. We begin by giving an estimate of yU |mo|]^ g ^t- 
We have 

|mo|i,o,a. - kP(^^)"o|?,0,M+ l°^^^°)^°ll,0,M+ l^^^^~)"°ll,0,M' 
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and 

Combining these inequalities, ( l8Ti) . (11031) . (11221) and the fact that 
/^"^ l^li,o,M = /""^ l"o|?,o,/. + /^"^ l^o|?,o,/.' W6 obtain, for large /i 

/i |mo|?,o,/. ^ ^i)uf + |op(6i)m|i + li \op{h2)u\^ + /i"^ I^o|?,o,m + H^HL) • 

(128) 

For estimate At|'i^olio^; '^^ need to use the transmission conditions given by 
We have 

op{bi)u = uoU„=o - Wo|x„=o on {x„ = 0} . 

Then 

l^^oli < C (yU^^ \uo\l + \op{bi)u\l) . 
Since we have fi~^ \uo\l < f^\uo\iQ^. Then using (I128p . we obtain 

/i \vo\l < C (^\\P{x,D,fi)uf + fi~^ \op{bi)u\l + fi\op{b2)uf + I^o|?,o,m + H^HIm^ 

(129) 

We have also 



^^oU„=o on{a;„ = 0}. 



Then 

/i l/^xn^^ol^ <C {l^ \op{b2)uf + /i II^x^Mol^ + At^ |mo|^ + At^ l^^oH • 
Using the fact that < fi^^ W\k^ obtain 

/i \D^,^vof <C{fi \op{b2)uf + /i |-Dx„Mo|^ + |mo|i + /i boll) • 

Since we have /^l^tolio^ ~ f^l^xn^of + A^l^oli- Then using (I128p and (I129p . we 
obtain 

/i \Dx„vof < C (\\P{x, D, fi)uf + /i"^ \op{bi)u\l + /i \op{b2)uf + /i"^ |t^o|?,o,M + H^HIm) • 

(130) 

Combining (11290 and (I130p . we have 

/i |^^o|?,o,M - ^ + + |op(&2)m|^ + . (131) 

Combining (11280 and (11310 . we obtain 

l«l?,o,M < ^ ^' + /^"' + \op{b2)uf + \\u\\l^^ . (132) 

Inserting (I132p in flH7|) and for large yU, we obtain flHHl) . 

□ 
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Appendix A 

This appendix is devoted to prove Lemma 12. 1[ For this, we need to distinguish two 
cases. 

1. Inside O 

To simphfy the writing, we note ||m 11^2(0) = \\u\\. 
Let X ^ C^{0). We have by integration by part 

((A - tfi)u, x^u) = i-Vu, x^Vu) - (Vm, V(x')m) - tfx \\xuf . 

Then 

11x^11' (11/11 ||x'«|| + liv«f + II v«|| ||x«ll). 

Then 

/i llx^f < C Q ll/f + 6 llx'^ll + II V«f + i II Vwf + e 

RecaUing that > 1, we have for e small enough 

\\xuf<C{\\Vuf+\\ff). (133) 
Hence the result inside O. 

2. In the neighborhood of the boundary 

Let X = {x',Xn) G M""^ x R. Then 

dO = {x E M", Xn = 0}. 
Let e > such that < a;„ < e. Then we have 

u{x' , e) — u{x' , Xn) = / dx„u{x' , a)da. 

Then 

|m(x',x„)|^ < 2 |M(x',e)|^ + 2 f / \da,ji{x ,(j)\d(j 
Using the Cauchy Schwartz inequality, we obtain 

|m(x',x„)|^ < 2 |M(x',e)|^ + 2e^ / |9^„m(x', x„)|^ 

Jo 

Integrating with regard to x', we obtain 
/ \u{x' , Xn)\^ dx' < 2 / \u{x' , e)f dx' +2e^ / (\dxnU{x',Xn)fdXn]dx'. 

J\x'\<e J\x'\<€ i|x'|<e, |x„|<e ^ ^ 

(134) 

Using the trace Theorem, we have 



/ \u{x',e)fdx' <C [ 

J\x'\<e J\x' 



{\u{x)f + \\/u{x)f)dx. (135) 



'|a:'l<<: J \x'\<2e,\xn-e\<^ 
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Now we need to introduce the following cut-off functions 

1 if < Xn < f , 



if Xn.>e 



1 if 1 ^ r < 3e 



and 

X2{x) = 

if Xn < f , Xn>2e. 
Combining fll34p and (11351) . we obtain for e small enough 

llXi^f <C(||x2nf + ||Vnf). (136) 

Since following (11331) . we have 

\\X2uf<C{\\ff + \\Vuf). 

Inserting in (I136p . we obtain 

\\Xiuf<C{\\ff + \\Vuf). (137) 

Hence the result in the neighborhood of the boundary. 



Following (I133p . we can write 

||(l-Xi)nf <C(||/f + ||Vnf). (138) 
Adding ffT371) and ffT38l) . we obtain 

\\uf<C{\\ff + \\Vuf). 

Hence the result. 
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Appendix B: Proof of Lemma 13.1 



This appendix is devoted to prove Lemma [3. 1[ 
Let X ^ C^(M") such that x = 1 the support of u. We want to show that 
op(A'')e'"^Xop(A~'*) is bounded in L^. Recalhng that for all u and v G we 
have 



Then 



, 1 



\n~l / 



•27r' 



where g{C',^) = JF(e^'^x)(^'! /^)- Then we have 



Let k{^',ri') = g{^'—ri', ^)^{ri', ^)^^. Our goal is to show that / K{^' ,ri')J^{v){ri' , ^)dri' 
is bounded in L^. To do it, we will use Lemma of Schur. It suffices to prove that 
there exists M > and > such that 

j \K{^',r]')\d^' < M and j \K{^' ,r]')\dr]' < N. 

In the sequel, we suppose s > (the case where s < is treated in the same way). 
For i? > 0, we have 



(1 - A + /i2)«(e--'«');^(x)e''^(")rfa:' 



Then there exists C > 0, such that 
Moreover, we can write 



(139) 



\K{e,v')\de 
Using 01391] ■ we obtain 



de. 
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Since 

If Id ^ 7 W\: we have 

If IVI < e|f I, i-e > HCfJ'), 5 > 0, we have 

Then there exists M > 0, such that 

By the same way, we show that there exists N > 0, such that 

J \K{C',r)')\dr]' < Ne^^. 

Using Lemma of Schur, we have (op(A^)e'"^xop(A~*)) is bounded in and 

||op(A^)e''^Xop(A-lL(^.) < Ce^^ 
Applying in op{h!^)u, we obtain the result. 
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